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Abstract 

The weak-coupling expansion for thermodynamic quantities in thermal field theories is poorly convergent 
unless the coupling constant is tiny. We discuss the calculation of the free energy for a hot gas of electrons 
and photons to three-loop order using hard-thermal- loop perturbation theory (HTLpt). We show that the 
hard-thermal-loop perturbation reorganization improves the convergence of the successive approximations to 
the QED free energy at large coupling, e ~ 2. The reorganization is gauge invariant by construction, and due 
to the cancellations among various contributions, we obtain a completely analytic result for the resummed 
thermodynamic potential at three loops. 
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1 Introduction 

The calculation of thermodynamic functions for fi- 
nite temperature field theories has a long history. In 
the early 1990s the free energy was calculated to or- 
der g 4 for massless scalar (f> 4 theory ^'^, QED^^J and 
QCD'2J respectively. The corresponding calculations 
to order g 5 were soon obtained afterwards^ Jil\£/2}\M/£} . 
Recent results have extended the calculation of the 
QCD free energy by determining the coefficient of 
the g log g contribution'. For massless scalar the- 
ories the perturbative free energy is now known to 
order g 6 ^ and g a \ogg^. 

Unfortunately, for all the above-mentioned the- 
ories the resulting weak-coupling approximations, 
truncated order-by-order in the coupling constant, 
are poorly convergent unless the coupling constant 
is tiny. In this proceedings we shall focus on the 
discussion of QED. Fig. Q] shows the successive per- 
turbative approximations to the QED free energy. 
As can be seen from this figure, at couplings larger 
than e ~ 1 the QED weak-coupling approximations 
exhibit poor convergence. To improve the bad con- 
vergence of perturbative expansions, several system- 
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atic resummation techniques have been introduced 
and they are summarized in references'". In 
the following we will discuss recent advances in the 
application of hard-thcrmal-loop perturbation theory 
(HTLpt) B&JLiB. 
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Fig. 1. Successive perturbative approximations 
to the QED pressure (negative of the free en- 
ergy). Each band corresponds to a truncated 
weak-coupling expansion to order e 2 , e 3 , e 4 , 
and e , respectively. Shaded bands corre- 
spond to variation of the renormalization scale 
H between tvT and 47rT. 
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Fig. 2. A comparison of the renormalization scale variations between NLO and NNLO HTLpt predictions for 
the free energy of QED with Nf = 1 and the variational thermal masses (left) and the perturbative thermal 
masses (right). The bands correspond to varying the renormalization scale /i by a factor of 2 around fi = 2irT. 



2 Three-loop hard-thermal-loop per- 
turbation theory 

Hard-thermal-loop perturbation theory is inspired 
by variational perturbation theory^'— '—'^J and is 
a gauge-invariant extension of screened perturbation 
theory^'— '—'^J . The basic idea of the technique 
is to add and subtract an effective mass term from 
the bare Lagrangian and to associate the added piece 
with the free Lagrangian and the subtracted piece 
with the interactions. However, in gauge theories, 
one cannot simply add and subtract a local mass term 



since this would violate gauge invariance. Instead one 
adds and subtracts an HTL improvement term which 
modifies the propagators and vertices in such a way 
that the framework is manifestly gauge- invariant. 

HTLpt has recently been pushed to three loops 
or the next-to-next-to-leading order (NNLO) and the 
details of the formalism and calculations are pre- 
sented in Ref.^J. Here only a few selected results 
are listed. 

With rescaled dimcnsionless parameters rh D = 
m D / (2ttT), rhf = m^/(27rT), and /t = fi/(2wT), the 
rcnormalizcd NNLO thermodynamic potential reads 
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There is also a corresponding next-to-leading or- 
der (NLO) thermodynamic potential that contains 
some numerical coefficients^. We note that at 
NNLO all numerically determined coefficients drop 
out and we are left with a final result which is com- 
pletely analytic. 

The mass parameters m D and mf in HTLpt are in 
principle completely arbitrary. To complete a calcu- 
lation, it is necessary to specify m D and mf as func- 
tions of e and T. In Ref.^J we considered two possible 
mass prescriptions: 1) the variational thermal masses 
obtained from the gap equations; 2) the e 5 perturba- 
tive Debye mass^'^ and the e 3 perturbative fermion 



mass' 29 '. The resulting predictions for the free en- 
ergy are shown in Fig. [5] As can be seen from these 
figures both the variational and perturbative mass 
prescriptions seem to be consistent when going from 
NLO to NNLO. At the central value /Lt = 2nT, both 
prescriptions are the same to an accuracy of 0.6% at 
e = 2.4. As a further check, we show a comparison of 
our NNLO HTLpt results with a three-loop calcula- 
tion obtained previously using a truncated three-loop 
<I>-derivable approximation^ in Fig. [3] As can be 
seen from this figure, there is very good agreement be- 
tween the NNLO ^-derivable and HTLpt approaches 
even at large coupling. 
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3 Conclusions and outlook 

In this proceedings we briefly discussed HTLpt, 
which is a gauge-invariant reorganization of finite 
temperature perturbation theory. We presented re- 
sults of a recent three-loop HTLpt calculation of the 
QED free energy^) and showed that the HTLpt reor- 
ganization improves the convergence of the successive 
approximations at large coupling, e ~ 2. We also com- 
pared the HTLpt three-loop result with a three-loop 
^-derivable approach^ and found agreement at the 
subpercentage level. 

In closing, we mention that the corresponding 
three-loop calculation for pure-gauge QCD was just 
completed^ and the resulting thermodynamic quan- 
tities are consistent with lattice data^ down to tem- 
peratures T~2-3T C which indicates that the lattice 
data at these temperatures are consistent with the 
picture of a plasma of weakly-coupled quasiparticlcs. 
Since HTLpt is formulated in Minkowski space, its 
application to real-time dynamics could be important 
to heavy-ion phenomenology. 
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Fig. 3. A comparison of the predictions for 
the free energy of QED with Nf = 1 be- 
tween three-loop "^-derivable approximation 
and NNLO HTLpt at fj, = 2ttT. 
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